The conductivity of an acid-etched fracture depends strongly on void spaces and channels along the fracture resulting from uneven acid etching of the fracture walls. In this study, we modeled deformation of the rough fracture surfaces acidized in heterogeneous formations based on synthetic permeability distributions and developed a new correlation to calculate the acid-etched fracture conductivity.
Introduction
In an acid-fracturing treatment, plain acid, gelled acid, foamed acid, or an acid-containing emulsion is injected into a hydraulically created fracture. The acid flows along the fracture, leaks off into the formation, and is transported to the fracture walls by diffusion and convection to react nonuniformly with the rock. As hydraulic pressure dissipates after acidizing, the fracture props itself open, with the relatively undissolved regions acting as pillars that leave more-dissolved regions as open channels. The uneven etching along the fracture walls yields the lasting conductivity after closure (Ruffet et al. 1997) .
Several correlations have been developed to predict the conductivity of rough-walled fractures. Some empirical correlations were based on experiments (Nierode and Kruk 1973; Nasr-El-Din et al. 2008; Pournik 2008) , and some correlations were developed theoretically (Gangi 1978; Walsh 1981; Swan 1983; Gong et al. 1999) . The theoretical models are not straightforward to apply in practice because the fracture information after acidizing in these models is difficult to obtain. The empirical correlations based on experiments, such as Nierode and Kruk's correlation, are widely used in industry because they are in simple form and the parameters are attainable. However, the core plugs in Nierode and Kruk's experiments were 1 in. in diameter and 2-3 in. in length. On this scale, only random roughness can be observed on the fracture surfaces after acidizing. Strongly correlated roughness yields channels that are not detected because they are on the same scale as the core plugs. Hakami and Larsson (1996) pointed out that all fractures exhibited "channeling" to some extent. But the current correlations do not account for the contribution from channels because of their small scale. Additionally, they do not explicitly incorporate the effects of heterogeneities on fracture conductivity. Even though Nierode and Kruk did acid-fracture conductivity tests on many kinds of rock with different heterogeneities, the least-squares fit of data only predicts the median of all kinds of surface-etching profiles. Therefore, the empirical correlations provide a conservative method to predict fracture conductivity (Williams et al. 1979) .
In addition, the grid dimension in an acid-fracture simulator is several feet to tens of feet. A scalar gap exists between the grid size in simulation and the size of core plugs in experiments. In this study, we developed new acid-fracture conductivity correlations for an intermediate scale. The calculation domain is 10×10 ft, which is the same order of magnitude as one simulator gridblock. The numerical simulation also incorporates the small-scale features observed in experiments for each gridblock, with gridblock size being similar to that of a core plug. The new correlations act as a bridge between the acid-fracture simulator and the small-scale experiments. On the intermediate scale, the numerical simulations consider the effect of the spatial distribution of formation properties and heterogeneities that determine the roughness distribution and the etching pattern after acidizing. Therefore, the new acid-fracture correlations capture not only the small-scale features such as roughness, but also the larger-scale features such as channels.
The new correlations contain two parts: fracture conductivity at zero closure stress and the conductivity change with closure stress. Fracture surface-etching profiles control the conductivity at zero closure stress, while the conductivity change with closure stress is also a function of rock elastic properties. On the basis of the spatial distributions of formation properties, Mou et al. (2010b Mou et al. ( , 2011 have developed new correlations of acid-fracture conductivity at zero closure stress. In turn, on the basis of that development, this paper studies the conductivity subject to closure stress and develops new correlations for the overall acid-fracture conductivity.
Methodology
The calculation domain, which represents part of a fracture, is 10 ft high and 10 ft long and gridded to approximately 0.5 in. by 2 in. for each gridblock. Its total dimension is comparable to the gridblock size in an acid-fracture simulator, while its grid size is comparable to core samples in experiments. Many parameters, such as acid-injection condition, acid-diffusion coefficient, acid concentration, and temperature, have an impact on the treatment process. But this study focuses on the effects of formation-property distributions that determine etching patterns. Therefore, we set other parameters to typical field values and generate spatial distributions of permeability and mineralogy geostatistically as the inputs to the simulation. Two statistical parameters characterize the degree of correlation for either permeability or mineralogy distribution: correlation lengths in fracture-length and fracture-height directions, x and z , respectively. Another statistical parameter, the standard deviation of the natural logarithm of permeability , represents the degree of permeability heterogeneity. In this study, a formation only consists of calcite and dolomite, so the standard deviation does not mean much for the mineralogy distribution. For the convenience of comparison and analysis, the dimensionless parameters are defined as Beatty (2010) investigated the acquisition of these geostatistical parameters and presented some case studies. As hydraulic pressure dissipates after acidizing, the contacting fracture surfaces deform. Even under high closure stress, some apertures remain open to create conductivity for fluid flow. For the intermediate scale, Deng et al. (2011) modeled the deformation of fracture surfaces as closure stress is applied to the fracture. At each cross section along the fracture, the fracture shape is approximated as being a series of elliptical openings. Under the assumption of elastic behavior of the rock, elliptical gaps remaining open and their sizes are a function of the applied stress. By modeling numerous cross sections along the fracture, we observed that many channels were open when permeability and mineralogy were strongly correlated horizontally. The overall conductivity of the fracture results from both channels and roughness, and it can be obtained by numerically modeling the flow through this heterogeneous system. Our previous papers (Mou et al. 2010a, b; Deng et al. 2011 ) have presented the models in detail. Fig. 1 shows the computational procedure of the simulation. In this paper, we performed many numerical experiments and studied the effects of the input parameters on overall fracture conductivity subject to closure stress. A new set of correlations have been developed to predict acidfracture conductivity for the intermediate scale.
Effects on Conductivity
In order to develop the correlation of acid-fracture conductivity, we need to study the effects of the key parameters on the overall conductivity. During acid injection, permeability and mineralogy distributions determine the etching profile. After acidizing, rock properties and closure stress have significant impacts on the fracture-width distribution that decides fracture conductivity. The following discussion focuses on these aspects.
Effect of Permeability Distribution. Different correlation lengths of permeability distributions result in different etching patterns. Fig. 2 shows two examples of etching profi les for intermediatescale fractures after acidizing. The average permeability for each case is 0.1 md. The only difference in these two simulations is the normalized correlation length in the horizontal direction. The fi rst synthetic fracture, shown in Fig. 2a , has a low normalized correlation length, D,x = 0.0156, in the horizontal direction. The openings in the fracture created are isolated as a result of the weakly correlated permeability distribution. In the second synthetic example, shown in Fig. 2b , many long, straight channels go through the whole fracture because the normalized correlation length in the horizontal direction is D,x = 0.5, which is higher than the fi rst case. The apertures are connected laterally to form long channels.
Under the same closure stresses (3,000 psi) the closure models predict the width distributions for both cases shown in Fig. 3 . Fig.  3a shows the width profile for the low D,x . More asperities touch and deform as the closure stress applies. The openings become even smaller, and fewer openings are left. The width profile for high D,x is shown in Fig. 3b . The channels become shorter and narrower. Compared with the short, isolated openings in Fig.  3a , these channels contribute more to the fracture conductivity, because the fluid flow in the channels is easier than that between two rough surfaces.
From Fig. 3 , the widths at some grids are zero and the apertures are closed completely in the numerical simulations. In this case, the isolated channels do not result in any conductivity. However, that is not the case in reality. The intermediate simulator misses some information of roughness at a small scale during the closure process. Every gridblock in our intermediate-scale model has dimension of inches, which is at the same order as in experiments. But the roughness observed in the laboratory also contributes to the fracture conductivity. Therefore, we assign a base conductivity in those closed grids accounting for small-scale roughness features when calculating the conductivity for intermediate-scale fractures. We use the Nierode and Kruk (1973) correlation to determine the base conductivity. Fig. 4 shows the conductivity curves with respect to closure stresses in semilog plots for these two cases. The only difference between these two cases is the horizontal correlation length. The base conductivities by Nierode and Kruk's correlation are close to each other. However, when the horizontal correlation length for permeability field is high, the long channels result in higher Supplied by the NIOC Central Library Supplied by the NIOC Central Library conductivities. Considering the logarithm scale, we observed that the channel flow dominates in the fracture. In contrast, the low horizontal correlation length gives fewer channels, and the fracture conductivity is close to the base conductivity.
The vertical correlation length is another key parameter that influences the etching pattern and the closure behavior. The following two examples (Figs. 5 and 6) show the difference between two cases with low and high vertical correlation lengths. The average permeability for each case is 0.1 md, and the horizontal correlation length is 0.25. The first case (Fig. 5a ) has a low vertical correlation length, D,z = 0.004. The channels etched by acid are very narrow because of the weakly correlated permeability in the vertical direction. The narrow channels are difficult to close. Therefore, many channels are still open under the closure stress of 3,000 psi, as shown in Fig. 6a . In contrast, the second case has a permeability distribution with a high vertical correlation length, D,z = 0.25. Even though the horizontal correlation length for both cases is good, the acid-etched fracture ( Fig. 5b ) has more unconnected void space than channels. Only a few openings are observed under the same closure stress of 3,000 psi, as shown in Fig. 6b . In this case, the roughness is the main contributor to the conductivity, while the isolated large void space plays an insignificant role.
The conductivity comparison of these two synthetic cases is shown in Fig. 7 . Especially under low closure stress, the conductivity of the low-vertical-correlation length case decreases slower than that of the high-vertical-correlation length case, because the narrow channels in the first case remain open. The large, isolated openings in the second case crush even under low closure stress. The fracture conductivity of the high-D,z case is even lower than the base conductivity of the low-D,z case. Also, it is very close to the base conductivity of the high-D,z case, because the deformation behavior in this case with few channels is similar to the deformation behavior of a fracture with small-scale roughness only.
Normalized standard deviation is another one of the statistical parameters that characterize the permeability distribution. It represents the permeability variation from the average permeability. The following two examples (Figs. 8 and 9) illustrate the effect of normalized standard deviation on fracture-width profiles after closure. Except for the standard deviation, they have the same average permeability of 0.1 md, vertical correlation length of 0.016, and horizontal correlation length of 0.5. The case shown in Fig. 8a has a low standard deviation, D = 0.1. Fig. 9a presents the width distribution after closure under closure stress of 3,000 psi. Compared with the case with high standard deviation ( D = 0.5) shown in Fig. 8b , the greener profile of the first case demonstrates that the width does not vary much from the average width of approximately 0.01 in. The high standard deviation yields the bluer width profile for the second case because of greater width variation. As a (a) (b) Supplied by the NIOC Central Library result, the channel depth for the second case is greater. So under the same closure stress, the channels in the first fracture are easier to close while more openings are left for the fluid flow in the second fracture (Fig. 9b ). Higher overall conductivity can be expected for the second case with the high standard deviation.
The conductivity with respect to the closure stress for the preceding cases is also plotted in Fig. 10 . The conductivity of the low-standard-deviation case declines dramatically under low closure stress, and trends very closely to the base conductivity. The relatively even fracture surfaces become flat quickly. In contrast, the high-standard-deviation case maintains the fracture conductivity quite well, with many channels remaining open. In addition, the two standard deviations lead to different fracture widths that yield different base conductivities.
From the comparison for the three statistical parameters characterizing the permeability distribution, the normalized horizontal correlation length D,x and the normalized vertical correlation length D,z have opposite feedbacks on the fracture-width profile after closure. Low vertical correlation length and high horizontal correlation length favor the formation of long and narrow channels that lead to high fracture conductivity. The roughness highly depends on the standard deviation D of the permeability field. High standard deviation gives greatly uneven surfaces that yield high conductivity.
Effect of Mineralogy Distribution. Mineralogy distribution is another principal input in the model. Acid fracturing is a stimulation method implemented in carbonate reservoirs. The carbonate rock consists mainly of calcite and dolomite. So in this study, we consider just calcite and dolomite and neglect other kinds of mineralogy. Mineralogy determines the acid/rock reaction rate. Calcite reacts with acid faster than dolomite, so rock is dissolved more for calcite than dolomite. The variable reaction rates yield rough fracture surfaces. According to Blatt et al. (1980) , most carbonate sediments show laminations. This indicates that the mineralogy distribution has a high correlation length in the bedding direction. The mineralogy will be changed abruptly without transition. Therefore, we use a high horizontal correlation length to generate mineralogy distributions. As a result, channels form easily when mineralogy distribution dominates the surface-etching patterns. Mou et al. (2010b) suggested that the vertical correlation length of mineralogy distribution does not affect conductivity at zero closure stress. Instead, the percentage of calcite and dolomite affects the etching patterns because of the variation of the reaction rates under a typical temperature, 210°F, which is used in the simulations. A higher percentage of calcite leads to a larger average fracture width for a certain acid-contact time. In this paper, we followed the same judgment and investigated the effect of calcite percentage on fracture overall conductivity. Two examples shown next have calcite percentages of 20 and 40%, respectively. Other than calcite, the rest of the rock is composed of dolomite. Fig. 11 shows the width profiles after acid treatments, while Fig. 12 is the width profiles after the fractures are closed under a closure stress of 3,000 psi. In Fig. 13 , conductivity for both cases is presented with respect to closure stress. As in the previous estimation, higher calcite percentage yields higher fracture conductivity at the same closure stress. Observe that both conductivity curves are higher than the base conductivity curves. This indicates that the channels are the main contributors to the conductivity for both cases. The amount of channels highly depends on the mineralogy percentage.
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The variation of reaction rates initiates the formation of channels. The intense etching happens where calcite is present because it reacts faster than dolomite. As the calcite percentage increases, more channels are created. Consequently, more channels are open for fluid flow after deformation caused by the closure stress. Therefore, higher conductivity can occur for the case with higher calcite percentage. However, it can be imagined that the conductivity may reach a peak and decrease after the calcite percentage is greater than 50%. The etching pattern will be more even when the fracture surface consists of calcite only (100%). In this case, no channels will appear and contribute to the overall conductivity unless they are caused by permeability heterogeneities. This study investigated the cases with calcite percentages of less than 50%.
Effect of Rock Properties. With the assumption of elasticity, two parameters decide the rock properties: Poisson's ratio and Young's modulus. In this section, we studied the effects of these two parameters, respectively, on overall fracture conductivity.
Poisson's ratio is the ratio of the contraction or transverse strain (perpendicular to the applied load) to the extension or axial strain (along the applied load). Gercek (2007) investigated Poisson's-ratio values for rocks. A typical range of Poisson's ratio for dolomite is from 0.1 to 0.35, while the normal range for calcite is from 0.1 to 0.33, which is very close to dolomite. Therefore, the Poisson's ratio for carbonates in this study is higher than 0.1, but lower than 0.4.
In order to study the effect of Poisson's ratio, we selected an example and kept all the parameters the same except the Poisson's ratio. The permeability distribution for this case has a high horizontal correlation length, a low vertical correlation length, and a high standard deviation. For a constant Young's modulus of 3 Mpsi (million psi), fracture overall conductivity is plotted with respect to closure stress for four values of Poisson's ratio (Fig. 14) . Although the Poisson's ratio changes from 0.1 to 0.4, all conductivities are very close to each other. Slight difference can be found under high closure stress such as 6,000 psi in this case. From the analysis, Poisson's ratio of carbonate does not affect fracture overall conductivity significantly. In this study, we ignored the effect of Poisson's ratio and set a typical value, 0.3, for it in the numerical experiments.
Similar to rock embedment strength in experiments, Young's modulus is a measure of the stiffness of rock in the quantitative analysis and calculation. The definition of Young's modulus is the ratio of the uniaxial stress over the uniaxial strain when the mate- Supplied by the NIOC Central Library rial is elastic. It can be determined from the slope of a stress/strain curve created during tensile tests conducted on a rock sample. Young's modulus plays an important role during the fractureclosure process. When the Young's modulus is high, the rock is strong and difficult to deform under closure stress. Then, many openings lead to high fracture conductivity. For demonstration, one acid fracture described next deforms with different Young's moduli. It is the same example as shown in the Poisson's-ratio discussion, but with the Young's modulus changing instead of the Poisson's ratio. In Fig. 15 , the Young's modulus ranges from 2.0 to 4.5 Mpsi. The y-axis of conductivity is on a logarithmic scale. When the closure stress is low, the difference does not look large and the results are of the same order of magnitude. As the closure stress increases, the curves diverge and the variation becomes large. Especially for the soft rock with the Young's modulus of 2 Mpsi, the conductivity drops much faster than for the other cases.
To further clarify the effect of Young's modulus, Fig. 16 plots the relationship between the conductivity and the Young's modulus for the same closure stress of 7,000 psi. The convex curve implies the significant effect of Young's modulus. In particular, a high Young's modulus, which means strong rock, gives more openings for fluid flow and yields high fracture conductivity.
Effect of Closure Stress. Closure stress is one of the most important parameters in this study. The relationship between conductivity and closure stress decides the form of the correlations. We calculated the conductivity for the case shown in Fig. 2b and plotted with the base conductivity in the same fi gure (Fig. 17) as an example. The empirical correlation by Nierode and Kruk (1973) was used to calculate the base conductivity. Rock-embedment strength represents the rock stiffness in Nierode and Kruk's correlation, while Young's modulus is used in the numerical simulations. To compare these correlations on the same basis, we used a linear relationship between Young's modulus and rock-embedment strength that was derived from a limited set of laboratory data for Texas cream chalk, Indiana limestone, and San Andres dolomite. More details of this procedure are given by Deng (2010) .
In the semilog plot, the conductivity curve is essentially a straight line, especially when closure stress is higher than 1,000 psi. This indicates that the relationship between conductivity and closure stress can be represented as an exponential function. As discussed previously, the base conductivity accounts for the contribution of roughness. The difference between the fracture conductivity and base conductivity is caused by the fluid flow in the channels after closure (Fig. 3b) . For a case such as this one, in which distinct channels are formed, the contribution to conductivity from channels is more significant than that from roughness.
Correlations and Discussions
We performed a large number of numerical experiments using the models introduced previously. Then, the best least-squares fit for the data led to the new set of acid-fracture-conductivity correlations. In this study, the correlations of acid-fracture conductivity will use an exponential function as the essential model as 1,000 2,000 3,000 4,000 5,000 6,000 1,000,000 100,000 10,000 1,000 10,000,000 (5) where wk f is conductivity in md-ft. The parameter ␣ contains conductivity at zero closure stress, (wk f ) 0 . The parameter ␤ incorporates Young's modulus and other influential factors.
When developing the correlations of conductivity at zero closure stress, Mou et al. (2010b) classified fracture surface-etching patterns into three categories: permeability-distribution-dominant cases, mineralogy-distribution-dominant cases, and competing effect of permeability and mineralogy distributions. The correlations for overall fracture conductivity follow the same categorization and include the fracture closure behavior. For all of the simulations supporting the correlation development, the temperature was assumed to be a moderate value of 210°F.
Permeability-Distribution-Dominant Cases. When the leakoff coeffi cient is greater than approximately 0.004 ft/(min) 0.5 , the leakoff distribution dominates the etching patterns. The mineralogy distribution has a negligible effect for the cases with a high leakoff rate. The correlation of conductivity at zero closure stress for permeability-distribution-dominant cases (Mou et al. 2010b ) is 
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. (6) where (wk f ) 0 is conductivity at zero closure stress in md-ft, and w is average fracture width in inches. The average width is the fracture width at zero closure stress. In practice, ideal fracture width w i , which is defined as dissolved rock volume divided by fracture surface area, is easier to obtain than average fracture width. 10,000 100,000 1,000,000 10,000,000 0 500 1,000 1,500 2,000 2,500 3,000 3,500 4,000 4,500 5,000 Ιn Eq. 9, c is closure stress in psi, D is normalized standard deviation, and E is Young's modulus in Mpsi. The unit of Young's modulus is not compatible with the conductivity unit, but the regression for these empirical correlations is based on it. In addition, Young's modulus is required to be greater than 1 Mpsi. In general, soft rock with Young's modulus less than 2 Mpsi is not a good candidate for acid fracturing. The restrictions on E also apply to the following correlations. Our results show that fracture conductivity decreases very rapidly with increasing closure stress for stresses below approximately 500 psi, and then decreases exponentially with increasing closure stress above this value, as described by Eq. 9a. The parameter ␣ in Eq. 9a is obtained by extrapolating the exponential relationship between conductivity and closure stress (the linear portion of the response on a semilog plot such as Fig.  17 ) to zero closure stress. The correlations presented are thus valid for closure stresses above approximately 500 psi.
Often, the vertical correlation length of permeability distribution is low because the sedimentary carbonates are laminated. When the dimensionless vertical correlation length is low enough (for example, D,z <0.02), Eq. 9 can be simplified as , mineralogy distribution dominates etching patterns and corresponding conductivity. In this scenario, permeability is low and horizontal correlation length for the mineralogy distribution is high because of the laminated character of sedimentary carbonates. Calcite and dolomite are the only two types of minerals considered in this study. According to a discussion by Mou et al. (2010b) , the calcite percentage in the rock is the key parameter that affects average width and conductivity of an acid fracture. Thus, the only parameter about mineralogy distribution included in the correlation is mineralogy percentage. The correlation of conductivity at zero closure stress for mineralogy-distribution-dominant cases is The correlation has a similar form to the one for permeabilitydistribution-dominant cases.
For all the correlations presented, the normalized horizontal correlation length is in the range of 0.0156≤ D,x ≤1, the normalized vertical correlation length is in the range of 0.004≤ D,y ≤0.5, and the standard deviation is in the range of 0.1≤ D ≤0.9. The correlations were derived by first determining the etching pattern created in hundreds of simulations of acid transport and dissolution through a portion of a fracture domain, and then calculating the resulting fracture conductivity at zero closure stress. Next, for each of these patterns, the fracture conductivity under closure stress was modeled to predict the final fracture conductivity at an elevated closure stress. More details on how the empirical acid-fracture correlations presented here were derived are given by Mou et al. (2011 ), Deng et al. (2011 ), Mou (2009 ), and Deng (2010 .
Example Calculation
In order to apply our new correlations, we need six parameters as inputs. Three of them are the horizontal correlation length, the vertical correlation length, and the standard deviation for the permeability distribution. The only parameter for the mineralogy distribution is the calcite percentage. The Young's modulus represents the rock strength. The ideal fracture width can be obtained either from each gridblock of an acid-etched profile in an acid-fracture simulator or from other theoretical models.
We next show a permeability-dominant example to clarify the calculation process. An ideal fracture width, w i = 0.04 in., was selected from an acid-etched width profile, which was produced by a acid-fracture simulator (Beatty et al. 2011 ). We assumed normal- 
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, erf erf ( Using Eqs. 19 and 22, we computed the fracture conductivities for these two cases for closure stresses up to 6,000 psi (Fig. 18) . At lower closure stresses, the channels that are predicted to be created for the high-horizontal-correlation-length case create substantially higher conductivity than that for the low-horizontal-correlationlength case. Regardless of the effect from correlation length, the conductivity estimated by the Nierode and Kruk correlation is lower than the other two, but it is close to the low-horizontalcorrelation-length case that has fewer channels.
Conclusions
The intermediate-scale simulation of acid fracturing captures the heterogeneous features such as channels that the experiments fail to see. It can close the gap between the macroscale simulator and the microscale experiments. We have modeled the acid transportation and the deformation of the fracture surfaces under closure stress. By assigning base conductivity to closed regions, the overall fracture conductivity is obtained as a result of numerically calculating the flow through the heterogeneous system. On the basis of the discussion of influential effects and extensive numerical experiments, this study reveals the following important conclusions: 1. A new set of correlations in three categories is developed to predict the acid-fracture conductivity on the intermediate scale. 2. Low vertical correlation length and high horizontal correlation length of the permeability distribution lead to narrow and long channels that are difficult to be closed and are favorable to overall conductivity. High standard deviation results in uneven etchings that also contribute significantly to the fracture conductivity. 3. On the basis of simulations at a temperature of 210°F, high calcite percentage leads to more channels that result in high fracture conductivity when the mineralogy distribution dominates the etching patterns. 4. Strong rock with high Young's modulus is able to resist the closure stress effectively and allow much space for fluid flow. In contrast, another rock property, Poisson's ratio, has negligible effect on conductivity calculation.
Nomenclature E = Young's modulus, Mpsi f calcite = percentage of calcite H = calculation-domain height, ft k = permeability, md k = average permeability, md L = calculation-domain length, ft w = average fracture width, in. w i = ideal fracture width, in. 
